Tutorial on Expectation Maximization (Example)

Expectation Maximization (Intuition)
Expectation Maximization (Maths)
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EM: the intuition

* Assume that we have two coins, C1 and C2

« Assume the bias of C11s 6,
(i.e., probability of getting heads with C1)

« Assume the bias of C2is 6,

(i.e., probability of getting heads with C2)

*\We want to find 84, 6, by performing a number of trials
(1.e., coin tosses)

Stefanos Zafeiriou Adyv. Statistical Machine Learning (course 495)



EM: the intuition

First experiment

* We choose 5 times one of the coins.

* We toss the chosen coin 10 times
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EM: the intuition
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EM: the intuition

Assume a more challenging problem

HTTTHHTHTH

HHHHTHHHHH <Wedo not know the identities
of the coins used for each
HTHHHHBHTHH g of tosses (we treat them as

HTHTTTHHTT hidden variables).

THHHTHHHTH
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EM: the intuition

E-step
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EM: the Maths (setting the joint)

. Zi1 0
P(X1:X2r°“rX5:Z1,Zz: "‘:ZS|9) “ = [Ziz S {[O ’ [1]}
— p({x11'°'°1x110}: "',{X51,“',X510}, Z1,Zy,"",Zsg 6

— p({xll)'")xllo} {X51,'“, 1O}|Z1 Zy, ' ,Zg, 8)p(Z1,Z2'”.JZ5)

= | [pct, 51z, 0) Hzo(zl)
i=1
2
p(z;) = Hﬂxzi" 1, IS the probability of selecting coin k € {1,2}
k=1

10
p(ct, % Nz1,0) = | [ pCed1z,,0)
j=1
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EM: the Maths (setting the joint)

x;J =1 Ifj toss of i run is head
x;J = 0 If j toss of i run is head

2
pla’lz,0) = 1_[ [Hkxi](l — Hk)l_xij]Zlk
k=1

then

p(Xl'XZ' 'XSJZl,ZZI 'ZS|9)
5 10 2 _ 5 2
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EM: the Maths (computing the expectation)

lnp(Xl,Xz,"-,X5,Z122, Zslg)
5 1

O
= Zzlklnekx](l—H )1 xl +zzzlklnnk

i=1j=1k =1 k=

Taking the expectation of the above

Epczix[In p(Xl,Xz, X5, 2,2, ,25|0)]

10
Z Z p(Z|X) Zlk |In Qkxl (1-— Hk)l xi/
+z 2 Epzix|zik] Inm,

=1 k=

i=1 ]:1 k=1
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EM: Expectation Step

p(Z|X, 0) — P(ZLZz; ,Z5|X1,X2, ;X5; 9)

Epzix|zik] = Z Z zi0(Z|X,0) = z ZieP (Zi [{x;%, -+, %1%
z, Zs z;
p({x;t, -+, %'} z;, O)p(z))

p(zil{x;, -, %0} = p({x;t, -+, x;1°}6)

10 HZ [ xij 1— 6 1—xij “ik Zik
j=111k=1|Y ( k) Ty

B 10 2 xif 1—x:) Zik 7.
%o T2, Ty |07 (1 — 00| ez
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EM: Expectation Step

10 172 xiJ 1—xJ1“% 2
j=111k=1 [9k (1—-6,) ™ ] T, 2
Epzin|Zir] = zzik

J L jTFik _

Zi Zzi 11'21 H12<=1 [Hkxl (1- Hk)l i ] TC, 2k
10 772 x;) T Zik
Zzi Zik Hj:l Hk=1 [9k (1 — Hk) l ] T, !

J L i1Pik '
Zzi 11'21 H12<=1 lekxl (1—6p)? x‘]] TC, Zik

j L
e [1021 0,70 (1 — Gp) ¢

1 T120, 6,77 (1 — 0,)1=% + 1, TT3, 6,57 (1 — 6,)1-/
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EM: Expectation Step

Expectation (E) Step (fix 6):

1
T[Z:E

J ]
E [1721 6™ (1 — 6;)* xi!

710 [Zzik] = 7 : — :
p( | ) l 1—[}21 lel](l . 91)1_xi] + H}gl Hle,](l _ 92)1—xi1
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EM: Maximization Step

Maximization Step (fix Epzix)[Zik] ):

maXL(H) — p(le)[lnp(Xl,Xz, "',X5,Z1,Z2, "',Z5|9)]

2
= Z Z pzix) [ Zik]In Qkx‘ (1-6,)" x‘
. +z z p(Z|X) Zlk] In T

=1 k=

-2

i=1j=1k

10 2
Epczix (2] (' In6) + (1 — x;7 )In(1 — 6;)) + const

1
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EM: Maximization Step

dL(H) S 1 1
zz p(Z|X) 1Zi1 (xl]__(l_xl])l—Hl )=0
i=1j=1

5 10
Z Eyz1% [2i1] (x; (1 —01) — (1 — xz]) 6:) =0
i=1j=1
9. — 210 Epzix) [le]xl] 0. — 210 Epzix) [ZlZ]xl.
— , =
' Zi=1 10Ep(Z|X)[Zi1] Z 1 10E (Z|X)[Z12]
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Clustering
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Clustering
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Gaussian Mixture Models

(N{N(xwz»ﬂz)}

T\

{N(x|Z3, u3)}

{N(x|2'1, ﬂl)}
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Gaussian Mixture Models

We are given a set of un-labelled data
We need to find
Parameters {X,,X,, X3, U1, Uo, U3}

: o3k andalso p(k = 1),p(k = 2),p(k = 3)
LY T " e s-. - .
s :P’ij What are our hidden variables?

1

o % ." ] @.‘ ﬁ:' co.f
0.5} ,'.gr,'t?{...., "b..zs""-&; ¢ [Zm] {[1] [0] [OB

o il oF AINY S — |z ol 11

. "P.!i o L (o] ZTL n2| € ) ) O

E-:;:t.{ ..:.z'.‘:: '. . Zn3 O 0 1

[ ] .... . 3

L eg, T[l — p(Zl — 1) (Z ) _ 1_[7.[ Znk
% 05 1 =p(k =1) Plan) = L1 K
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Gaussian Mixture Models

. p(xnlznk = 1,0) = N(x, |y, Zg)
S 55’{ g ,
0.5l :”{': 1." "'5?9.‘:3:‘; | p(x,lz,, 0) = g N (xn | pg, 2 ) ke
e C The probability of a sample x,,is given
OL. | by the sum rule:
0 0.5 1
3
pOal0) = ) plinc = DPCenlzne = 1,0) = ) 1 Nttt %)
k=1 k=1
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Gaussian Mixture Models

Assume all data samples are independent.
We, as always, formulate the joint likelihood.

p(thle) = p(lexZJ XNy Z,Z, '"'ZNle)
N N

= [ [pualza 00 | [ p(zale)
n=1 n=1

O, = {21, 22,23, 1y, Uy, U3}

0, = {m, m,, 3}
ll lN(xnll"k»zk) “nk l [
1k n=

[
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Gaussian Mixture Models(Expectation Step)

N 3
Inp(X,210) = > > Zuelln Nalpt Zi0) + In )
n=1k=1

Applying operator E, zx,)
Epzix,6)lIn P(X Z|9)]

z 2 p21%,0) [Zni [0 N (x| pye, Zi) + In 73, }

n=1k=

We need to compute E,zx o) [Znr]
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Gaussian Mixture Models (Expectation Step)

EP(Z|X,9) [an] — z z Znk p(Z|X, QOld)
Z ZN

— 2 anp(zn|xn: HOld)

Zn

P(Xy, 2,|0°'%)  p(xn|2,, 0°)p(2,16°')
p(x,l0°@) p(x,|0°'%)

— [Ti=1 N(xp|py, Zi) o, Znk
Zznk Hl?é=1 N(xn |ﬂk; Zk) anT[Kan

P(Zn |xn’ Qold) —
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Gaussian Mixture Models (Expectation Step)

Epcaixe)zned = ) Znip (2, 0°19)
Zn
_ Zzn Znk H]?ézl N(xn“,lk, zk) anT[Kan
Zan Hlfi:l N (xn |y, i) anTL'Kan

_ T N (X5 |1y, k)
Y1 TN (X, |y, Zp)
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Gaussian Mixture Models (Maximization Step)

G(O) = (Z|X9)[IHP(X Z|0)]

= Z 2 p(Z|X,0) [Zni ]{In N (x, |y, ) + Inm, }
n=1k=1

. i i ) |- % (n — 1O E T (0 — )

n=1 k=11
— E(F In2m +1In|X,|) + In n,c}
dG(®) _,  dG() _
d py d X B
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Gaussian Mixture Models (Maximization Step)

dG(Q) z V(an)z _1(xn Mic) =0
", = n=1 V(an)xn
* 11¥=1 V(an)

dG(B)

Zy(znkx(xn ) Gt — )T = B} = 0

ivl=1 V(an)(xn o ﬂk)(xn o ﬂK)T
11\1,=1 V(an)

=>Zk —
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Gaussian Mixture Models (Maximization Step)

G(0) = i 23: Y (Znk) {— % (e — 1) T T (e — )

dL(Q) 0= T 11¥=1 V(an)
dTL’k K N
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Summary

Initialize
0, = {21,232, 23, U1, Uy, U3}
0, = {my, My, M3}
T N (X5 |1y, )

Expectation Step: y(znx) =
" 11 TN (x| 1y, Z)

_ 7I¥=1 Y (Znk) _ 11’\1,,:1 Y (Znk)Xn
Maximization "% ~ N K N_ v (Zn)
Step:
b - i’vl=1 V(an)(xn R ﬂk)(xn o ﬂK)T
e
211\11=1 V(an)
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